KUNS-2129 
YITP-08-11 



Chiral currents and static properties of 
nucleons in holographic QCD 

Hiroyuki HATA, a * Masaki MuRATA 6 t and Shinichiro YAMATO a * 

a Department of Physics, Kyoto University, Kyoto 606-8502, Japan 

b Yukawa Institute for Theoretical Physics, Kyoto University 

Kyoto 606-8502, Japan 

March 2008 



Abstract 

We analyze static properties of nucleons in the two flavor holographic QCD 
model of Sakai and Sugimoto described effectively by a five- dimensional U (2) Yang- 
Mills theory with the Chern-Simons term on a curved background. The baryons 
are represented in this model as a soliton, which at a time slice is approximately 
the BPST instanton with a fixed size. First, we construct a chiral current in four 
dimensions from the Noether current of local gauge transformations which are 
non-vanishing on the boundaries of the extra dimension. We examine this chiral 
current for nucleons with quantized collective coordinates to compute their charge 
distribution, charge radii, magnetic moments and axial vector coupling. Most of 
the results are better close to the experimental values than in the Skyrme model. 
We discuss the problems of our chiral current; non- uniqueness of the local gauge 
transformation for defining the current, and its gauge- noninvariance. 
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1 Introduction 



Holographic QCD of Sakai and Sugimoto [TJ [2] has attracted much attention recently as a 
phenomenologically and theoretically interesting model. This model is based on a configura- 
tion of Nf D8-D8-branes and N c D4-branes, and the D8-D4, D8-D4 and D4-D4 open strings 
correspond to the left-handed quark, the right-handed quark and the gluon, respectively. 
Spontaneous chiral symmetry breaking is implemented in this model by the fact the D8- and 
D8-branes are smoothly connected. Using holographic approximation to replace the D4-branes 
with the near-horizon geometry of the corresponding SUGRA solution, the low energy effec- 
tive action of the D8-branes is expressed as a five-dimensional Yang-Mills (YM) theory with 
the Chern-Simons (CS) term on a curved background. (We call this five- dimensional YM+CS 
theory simply the SS-model hereafter.) Mode-expanding the fields with respect to the coor- 
dinate z of the extra fifth dimension, we obtain a four-dimensional theory consisting of the 
Nambu-Goldstone boson and an infinite tower of massive vector mesons. Their coupling con- 
stants are determined by only two parameters of the original theory; the 't Hooft coupling A 
and the mass scale Mkk which specifies the radius of the S 1 compactification of the D4-brane. 

In the low energy limit of discarding all the massive vector mesons in the SS-model, we 
get the Skyrme model [3], a low energy effective theory of Nambu-Goldstone bosons. The 
Skyrme model has a novel property that it has a stable soliton solution describing baryons. 
Upon quantization of the collective coordinate of the SU(Nf) rotation of the baryon solution, 
the static properties of nucleons such as masses, charge radii and the magnetic moments have 
been computed [I] . The results agree fairly well with experiments with of course a number of 
exceptions. 

The SS-model, namely, the five-dimensional YM+CS theory mentioned above, also has a 
soliton solution which describes the baryon [El EE H]- This baryon solution at a time slice is 
approximately a BPST instanton with a fixed size in flat four- dimensional YM theory. In 
[E], the collective coordinate quantization of the baryon solution is carried out in the Nf = 2 
case to give the baryon spectra containing negative-parity baryons as well as the baryons with 
higher spins and isospins. By taking Mkk of about 500MeV, the obtained baryon spectra is 
in qualitatively good agreement with experiment. The extension to the Nf = 3 case is not 
so straightforward: the original CS term of [U [2] cannot give the desired first class constraint 
which selects baryon states with correct spins. In [8], the collective coordinate quantization 
in the Nf = 3 case was carried out by using a new CS term which reproduces the desired 
constraint. 

The purpose of this paper is to continue and accomplish the study of static properties of 
nucleons in the SS-model with two flavorsEl We will examine the charge distributions, charge 
radii, magnetic moments and the axial vector coupling, namely, the quantities studied in [4] 
in the Nf = 2 Skyrme model. The most nontrivial and difficult point in this study is how to 
define, in the SS-model which is a five- dimensional YM+CS theory, the chiral U(Nf) LxU(Nf)n 
current observed in our four dimensional spacetime. One way to define the chiral current is 

* See [7] and |], for a different approach to the properties of nucleons in holographic QCD. 
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via the bulk-boundary correspondence PU [EE]; we introduce the external gauge fields on the 
boundaries z = ±00 of the extra fifth dimension z, and read off the current from the coupling 
with the external fields. The current obtained this way is defined in terms of fields on the 
boundary. Therefore, it is invariant under gauge transformations which does not change the 
boundary behavior of the fields. However, we do not adopt this current in our study of static 
properties of nucleons since the baryon solution is localized near the origin z = of the extra 
fifth dimension and hence the current vanishes for the baryon configuration (see, however, sec. 
14.51 for a possibility of getting non- vanishing results for static properties of nucleons). 

In this paper, we take another definition of the chiral current. For introducing it, let us 
recall that the chiral transformation in four dimensions corresponding to {gL-,9R) £ U(Nf)i x 
U(Nf)n is realized in the SS-model in five dimensions as the local gauge transformation tak- 
ing the values Ql and gn on the boundaries z = 00 and —00, respectively. Therefore, we first 
consider in the SS-model the conserved Noether current of the infinitesimal local gauge trans- 
formation which is non-vanishing at z — ±00. Then, the chiral current in four dimensions 
is obtained by integrating the five- dimensional current over z. However, the chiral current 
defined this way has two problems which are related each other. First, this chiral current 
is not determined uniquely by the gauge transformation on the boundary z = ±00, but it 
depends on the way of interpolating the local gauge transformation for finite z. Second, this 
chiral current is not a gauge invariant quantity. It is not invariant even under the local gauge 
transformation that does not change the behavior of the fields at z = ±00. 

Despite these problems, we adopt the chiral current defined from the Noether current of 
local gauge transformation to compute the static properties of nucleons. As the interpolating 
function of z of the gauge transformation, we take the zero-modes of the laplace operator of 
z. There are two facts that supports our choice of chiral current. One is that it reproduces 
the chiral current of the Skyrme model in the low energy limit of discarding all the massive 
z-modes. The second fact is our result of the computation of the static properties of nucleons 
itself. We find that our results in the SS-model are generally closer to the experimental values 
than in the Skyrme model [I]. In particular, we get a surprising improvement for the axial 
vector coupling compared with the Skyrme model. 

The organization of the rest of this paper is as follows. In sec. |2j we introduce our chiral 
current from the Noether current of local gauge transformation. We also discuss the rela- 
tionship of our current to the chiral current from the bulk-boundary correspondence, and the 
problems of our current. In sec. [3J we consider the low energy limit of our chiral current and 
show that it reproduces the chiral current of the Skyrme model. Sec. H] is the main part of 
this paper. We first summarize the baryon classical solution in the SS-model and its collective 
coordinate quantization. Then, we compute the various static properties of nucleon using our 
chiral current. In sec. [5j we summarize the paper and discuss remaining problems. In ap- 
pendix |Al we examine the vector current in terms of the baryon solution in the regular gauge 
to explain why we have to take the singular gauge solution in the analysis of sec. HI 
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2 Four-dimensional chiral current in the SS-model 



For analyzing the static properties of nucleons such as the electric charge density, magnetic 
moments and axial- vector coupling, we have to first of all define the conserved /bur-dimensional 
current of chiral U(Nf)i, x U(Nf)n symmetry in the SS-model which is a YM+CS theory in 
/ive-dimensions. In this section, we propose a definition of the conserved chiral current which 
will be used in later sections for the various analysis. Our chiral current is given in terms 
of five-dimensional Noether current of local gauge symmetry transformation which is non- 
vanishing on the boundaries z = ±00. We will also discuss the relationship of our chiral 
current with that defined via the bulk-boundary correspondence [TUl [EE] , and the problems 
with our current, i.e., the uniqueness and the gauge-invariance. 



2.1 Action of the SS-model 

First, let us summarize the action of the SS-model, which is the effective theory of Nf probe 
D8-branes in the background of N c D4-branes. Concretely, it is a Yang-Mills (YM) theory in 
five dimensions with gauge group U(Nf) supplemented with the Chern-Simons (CS) term: 

S[A] = Syu[A] + Scs[A], (2.1) 

"1 



Sym[A] = —k J d 4 xdz tr 
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(2.2) 



Scs[A] = J WfiCA), (2.3) 

where [i,v — 0,1,2,3 are the four- dimensional Lorentz indices and z is the extra fifth di- 
mension, and they are raised/lowered by the flat metric t]mn = r] MN = diag(— 1, 1, 1, 1, 1) 
(M, N = 0, 1,2,3,2). The one-form A = A^dx^ + A z dz is the U(N f ) gauge field, and the 
corresponding field strength is given by T = dA + iA 2 . In Sym 02.21) . k is a constant given in 
terms of the 't Hooft coupling A and the number of colors iV c as 

n = a\N c , (« = ^), (2-4) 
and the warp factors h(z) and k(z) are 

h(z) = (1 + z 2 ) " 1/3 , k(z) = l + z 2 . (2.5) 
In the CS term Scs H 2 . 3 [) . u 5 (A) is the CS five-form: 

u 5 (A) = tr (a? 2 - % -A*T - ^A 5 ^j . (2.6) 

In [8], another expression of the CS term is proposed by extending the gauge field A to a 
six-dimensional space M 6 whose boundary <9M 6 is the original five-dimensional space of the 
SS-model: 

N f 

S cT = ^ 2 I tr^ 3 . (2.7) 



M 6 
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Although the two expressions (I2.3P and (12.71) are naively the same due to trjF 3 = du 5 (A), it 
is crucial to adopt (12.71) in the case of Nf = 3 for reproducing the baryon states with correct 
spins [Hj. However, for the chiral current in the Nf = 2 case, there is essentially no difference 
between the two CS terms. 

The equations of motion (EOM) of A^ and A z obtained from the action (12. ip read respec- 
tively as follows: 

2k \D v {h{z)r») + V s {k{z)F*»)] + -^e» NPQR F NP F QR = 0, (2.8) 

2KV^k(z)^) + J^-^T^T^ = 0, (2.9) 

with e 0123z = e 0123 = 1. Here, we have used that the CS five- form changes under an infinitesimal 
deformation 5 A of the gauge field A as 

6u 5 (A) = 3tr(5AJ r2 ) +dp(5A,A), (2.10) 

with (3 given by 



P(5A,A) =tr 



(2.11) 



The last e-tensor terms in (I2.8P and (12. 9p remain unchanged even if we adopt another CS term 

0Z2D- 



2.2 Conserved current of local gauge symmetry 

In order to propose a definition of the chiral current in the SS-model, let us first recall how 
the U(Nf)i x U(Nf)n symmetry in four dimensions is realized in the model. In the SS-model 
in a gauge with the boundary condition, 

A M (x, z)^0 (z -> ±00), (2.12) 

the pion field U(x) in four dimensions is defined by [H [2] 

U(x) =Pexp f -i f dzA*(x,z)), (2.13) 
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where the path-ordering is from the right at z = —00 to the left at z — +00. Then, the chiral 
transformation corresponding to (gL,9R) £ U(Nf) x U(Nf) R is realized as the local gauge 
transformation 

A^A 9 = g{A-id)g-\ (2.14) 
with g(x, z) G U{Nf) which tends to constants as z — » ±00, 

\9r \z -» -00) 



and hence keeps the boundary condition (I2.12p . In fact, under this local gauge transformation, 
the pion field transforms as 

U(x)^g L U(x)g R 1 . (2.16) 

Motivated by the realization of the chiral symmetry transformation in the SS-model as 
a local gauge transformation, we propose the following construction of the conserved chiral 
current in four dimensions: 

1. First, let us consider the conserved Noether current in /we-dimensions, J^ 1 (x, z), corre- 
sponding to the infinitesimal local gauge symmetry transformation, 

5 C A M = V M C = d M ( + i[A M , C], (2.17) 
with ((x, z) satisfying the boundary condition 

= (*--<X>)' 

where Cl/r are arbitrary constants, and t a (a = 0, 1, 2, • • • , Nj — 1) is the hermitian 
generator of U(Nf) satisfying 

[t a ,h] — ifabctc, tr (t a tb) = -S ab , t = l Nf . (2.19) 

1 V 27V / 

2. Then, we define the conserved /owr-dimensional current j£(x,z) by 

/oo 

dzJ»{x,z). (2.20) 
-oo 

Since J^(x,z) is conserved in the five- dimensional sense, 

d M J? = <Vc + d z Jl = 0, (2.21) 
the four-dimensional current j%(x) satisfies the conservation law 

d$ = 0, (2.22) 
provided the z-component Ji vanishes on the boundary: 

J%(x,z -> ±oo) = 0. (2.23) 

3. It follows (using (12.271) and (I2.28j) given below) that the five-dimensional current J^(x, z) 
and the pion field U(x) (f2~T3l satisfy the Ward identitji 

9m(Jc*{ x i z ) U(x') O) = —5 4 {x — x')(U{x\ oo, z)V z ((x, z) U(x; z, — oo) £>) + ... , (2.24) 



t If we take into account the gauge- fixing and the Faddeev-Popov ghost terms necessary for the quantization, 
the current is no longer conserved for a generic ( but its divergence is given by a BRST-exact form [12j [13] : 

OmJ? 1 = {Q B ,*}, 

with Qb being the BRST charge. However, the Ward identities (|2?24|) and (f2T26l) remain valid since the pion 
field is a physical operator satisfying [Qb, U(x)] = (we assume that the Faddeev-Popov ghost c(x, z) vanishes 
at infinity). 
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where U(x; z±, z 2 ) is defined by 



U(x; z\, z 2 ) = P exp ^— i J dzA z (x,z)j, (2.25) 

and O and the dots on the RHS represent other operators and the terms containing 
their gauge transformation, respectively. Integrating (12.241) over z and using (12.231) . we 
obtain 

d, (j»{x) U(x') O) = -6\x - x') ( (( L U(x) - U(x)( R ) O) + . . . . (2.26) 

This is the desired chiral Ward identity in four dimensions. The four-dimensional current 
jfi( x ) with ( R / L = is the left /right- current. 

The conserved five- dimensional current Jj^(x,z) is obtained by making on the action the 
infinitesimal transformation, 

5A M (x, z) = e(x, z)V M ((x, z), (2.27) 
with e(x, z) vanishing at infinity, and using the identification, 

SS = Jd 4 xdz,Jl I (x,z)d M e(x,z). (2.28) 

For the action (12.11) . we get 

J^ 1 = Jy M £ + </cso (2.29) 

with Jylic an d ^csc fr° m 5ym (12.21) and Scs (I2.3p . respectively, given by 

J% uc (x,z) = -2Ktr(h(z)F^V u ( + k(z)f z V z (), (2.30) 
J$ MC (x,z) = -2Kk(z)tr(^V u (), (2.31) 

J&faz) = -^ £MNPQR H^np^ Q r}C). (2.32) 
Using the EOM, f 1 2 . 8 1) and H 2 . 9 f) . we can confirm that J^ 1 satisfies the conservation equation 

2.3 Relation to the current from bulk-boundary correspondence 

In this subsection, let us consider the relationship of our chiral current introduced above with 
the chiral current jfi (x) defined a la the bulk-boundary correspondence [10], CD]. The latter 
is obtained as follows. We solve the EOM under the boundary condition, 
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insert the solution depending on Ajl into the action, and read off the currents j^/ R (x) from 
the coupling 

J d*x tr (Afa) f L (x) + A*{x)~f R {x)) . (2.34) 
This is equivalent to making the following shift in the action, 

A^x, z) -> A„(x, z) + Afa)i/) L (z) + A*(x)i) R (z), (2.35) 
with iPl/r(z) being functions satisfying the boundary condition 

^l/r(z)^\I ^ ±0 °|, (2.36) 
[0 (2;^=foo) 

and keeping terms linear in A^ R (x) by using that Am( 

solution to the EOM with 

the boundary condition (I2.12I) . We find that the chiral current j^mix) obtained this way id3 

~f L/R {x) = TlKk{z)^ z {x,z) . (2.37) 

The relation between the two currents, (12.201) and (12.371) . is as follows. First, the five- 
dimensional current fl 2 . 2 9 [) is rewritten as 

J£(x,z) = -2Kd v tY[h(z)^ u (x,z)C(x,z)] 

-2Kd z tr[k(z)^ z (x,z)((x,z)] -tr[(LHS of $Bfy)C(x,z)]. (2.38) 

Integrating this over z, we find that 

j£(x) = tr(a^(x) + Cij£(z)) + d vX ^{x) + (EOM-term), (2.39) 

where Cl/r are the Lie- algebra valued constants of (12.181) . and the anti-symmetric tensor 
X^ v {x) is defined by 

/oo 
dztr[h(z)^(x,z)((x,z)]. (2.40) 
-oo 

This relation implies that the two currents, j£(x) and ju R (x), are "equivalent" in the sense 
that their difference is an identically conserving term d u x^ u ■ in particular, the integrated 
charges Q = J d 3 x j°(x) are the same between the two if we are allowed to discard the surface 
integral from the diX° l term. However, the local currents themselves do differ from each other, 
and this difference can lead to different physics. Moreover, we will see in sec. HJthat, in the 
quantization of baryons, j1/ R {x) vanishes and the main contribution to j£(x) (12.391) is from 
the d v x^ u {x) term. 



■^cs L/i?(^) — 48 ^ ^ ^ 0^ V P"^ U b per i*A.ir*A.p*A. c 



+ In addition to (|2 . 3T[) from Syu I) 2 . 2p . we have another contribution 

z— ±00 

from the CS term (|2.3[) due to the d(3 term in (|2 . 1 0|) . Here, we have ignored this Jq SL / r { x ) since it vanishes 
at z = ±00, in contrast with (|2.37[) which is multiplied by k(z) (|2.5[) . We have no 3q SL / R {x) at all in the case 
of another CS term (|2.7|) since we simply have £tr JF 3 = 3 dti[8A J- 2 ) . 
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2.4 Gauge non- invar iance of and non-uniqueness of £ 

Here, we discuss the problems inherent in our four- dimensional chiral current j^(x) (12.201) 
itself. First recall that our chiral current should be considered, by its construction, for the 
gauge fields Am satisfying the boundary condition (12.121) . The most serious problem with 
our chiral current j£(x) is that it is not a gauge invariant quantity. It is not invariant even 
under the gauge transformation which keeps the boundary condition (I2.12p . The integrated 
conserved charge = fd 3 xj®(x), which can be expressed as a spatial surface integration 
as seen from (I2.38p . is invariant under the gauge transformation which does not change the 
boundary behavior of A. However, since we have to treat the local currents j^(x) itself in the 
analysis of static properties of nucleons, the gauge-noninvariance of our chiral current is an 
important problem to be resolved. 

Another and related problem with our chiral current is the non-uniqueness of the function 
((x, z) defining the current. In the construction of our chiral current given in sec. I2.2[ the 
only condition on ((x,z) is the boundary condition (I2.18p . which of course cannot uniquely 
determine ((x, z). This problem of the non-uniqueness of ((x,z) is intimately related with 
the gauge-noninvariance of our chiral current. Note that the five-dimensional current J^ 1 
(I2.29P and hence the four-dimensional one j^(x) are invariant under the simultaneous gauge 
transformation of both the gauge field Am(x, z) and ((x, z): 

A M ^A 9 = g(A M - id M )g~\ 

C-K^SOT 1 . (2.41) 

This fact implies that we cannot choose a specific function ((x, z) for our chiral current: For 
giving the same chiral current among different .A's related to each other via gauge transforma- 
tions which keep the boundary behavior, we have to adjust the corresponding ((x, z) according 
to the formula (I2HT) . 

On the other hand, the current j^/ R (x) (I2.37P of the bulk-boundary correspondence are 
free from both of the above two problems. In particular, since it is defined by the fields on 
the boundaries z = ±oo, it is inert under local gauge transformations which do not change 
the boundary behavior of the fields. However, the current ji/ R {x) does not seem to give 

physically sensible results. First, i1/ R (x) can reproduce only a part of the chiral current of 

the Skyrme model in the low energy limit (see the end of sec. 13. 2p . Second, j^ R {x) vanishes 
for the baryon configuration since the baryon is localized at the origin z = and cannot be 
seen on the boundary (see the end of sec. 14.11) . 

We do not have definite solutions to the problems of our chiral current j^(x). However, in 
the following sections, we continue our analysis by using the present chiral current (12.201) with 
jM given by (I2.29p - (l2.32p . For definiteness, we adopt as ((x,z) the following one: 

t(x,z) = ij>±(z)t a , (2.42) 

where ij)±{z) are the zero-modes of the differential operator —k(z) 1 ^ 3 d z k(z)d z [H[2]: 

i[)±(z) = - ± — arctanz — > v ' . (2.43) 

2 7T " ~ 
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This ip±(z) has been adopted in [H [2] as iPl/r( z ) of (12.351) in introducing the external fields 
A L J R (x)% Since V± 

(#) is the zero-mode, no mass terms are developed for A^ R (x). However, 
we have no convincing reason for adopting if>±(z) in the context of the Noether current of 
local gauge transformation. The only reasons why we adopt our chiral current (12.201) with 
((x, z) of (12.421) are that it reproduces in the low energy limit the chiral current of the Skyrme 
model, and that the various static properties of nucleons are obtained as non-vanishing and 
finite numbers which are close to the experimental values, as we will see in sees. [3] and HI 
respectively. 

Explicitly, the chiral current j1/ Ra {x) corresponding to (I2.42H is given by 

POO 

f L /R, a ^)= / dzJ£ /R ^(x,z), (2.44) 



with 



- 2k k{z) tr(m a ) - ^ e^ R tr {{F NP , T QR }t a )M*)- (2-45) 

The vector and the axial- vector currents are obtained by replacing ip±(z) in ( 12.451) with the 
following ipv(z) and ?Pa(z), respectively: 

2 

ipy(z) = ip+{z) + ip-{z) = 1, iPa(z) = ip+{z) — 4>~{z) = — arctanz. (2.46) 

7T 

In this case, the z-component of the five- dimensional current which we have to confirm to 
vanish at z = ±oo (recall ( 12.231) ) is 

Ji/R,a(x,z) = -2iKk(z)tr([F z „,A„]t a )*l; ± (z) ~ ^^KiVprtjM*)- ( 2 - 47 ) 

3 Chiral currents in the Skyrme approximation 

In the last section, we proposed a definition of the four-dimensional chiral current jj?(x) (I2.20p . 
It is given as the z- integration of the five- dimensional Noether current J£(x,z) of the local 
gauge symmetry transformation with the boundary condition (12.181) . In this section, as a 
test of the validity of this definition of the chiral current in the SS-model, we evaluate it in 
the Skyrme approximation (i.e., in the low energy limit). It has been known that the SS- 
model is reduced to the Skyrme model in the low energy limit [TJ [2]. The Skyrme model is 
an ordinary four-dimensional field theory having the pion field (Skyrme field) U(x) G U(Nf) 



§ If we take A^ R of the form A^ R (x) = dM^ R {x)t a , the shift (12.35P is essentially equivalent to the 
infinitesimal transformation (|2.27|) with £(x, z) given by (12.42|) with the identification ^l/r{ z ) — ' l P±{z)'- 
The shift of Tmn under (I2.35| is d^e^ (x)T> M ] (t/j + (z)t a ) + d[Ne R (x)T> M ] ("0_(z)i a ), while we have 5Tmn = 
e [Tmn, C] + {d [M e)V N] ( under $TF§. 
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as its dynamical variable, and the chiral currents of the symmetry transformation (12.161) is 
simply the corresponding Noether current. Using this Noether current of chiral symmetry, 
various properties of the model including the static properties of nucleons have been analyzed 
[I] . What we wish to test here is whether the chiral current proposed in sec. |5] is reduced to 
the chiral current in the Skyrme model. 



3.1 SS-model in the low energy limit 

Before considering the low energy limit of our chiral current in the SS-model, we in this 
subsection review the derivation of the Skyrme model as the low energy limit of the SS-model. 
For this purpose, it is convenient to move, from the gauge with the boundary condition ( 12. 12D . 
to the gauge with A z (x,z) = 0. Let us take as the function g(x,z) G U(Nf) in (12. 14|) for 
realizing A 9 z (x, z) = the following one: 

g(x, z)^ 1 = Pexp I —i / dz'A z (x,z') ] . (3.1) 



In the rest of this section, the gauge fields A and A 9 denote the one with the boundary 
condition ( 12. 121) and that in the A 9 Z = gauge, respectively. 

In the low energy limit of the SS-model in the A 9 = gauge, we mode-expand the z- 
dependence of A^x.z) in terms of the eigenfunctions of —k(z) 1 ^ 3 d z k(z)d z and keep only the 
zero-modes ip±{z) (12.43)) . Taking into account that 

10 [z — > — oo) 

with R^x) defined by 

R p ( x ) = -iU{x)- l dJJ{x), (3.3) 
we have in the present approximation 

A a ft (x,z)=R lt (x)Mz), (3-4) 

where all the massive-modes have been dropped on the RHS. Then, the field strengths are 
given by 

J%{x,z) = -i[R^x),R v (x)\il>+{z)^{z)i (3.5) 
J*„(x,z)=R u {x)^&. (3.6) 

Plugging the expressions (13.51) and (13.61) into the YM part action (12. 2p with Tmn replaced 
by the gauge transformed one T 9 MN and carrying out the z-integration, we get the four- 
dimensional Skyrme lagrangian of the field U(x) ( 12.131) in the low energy limit: 

C v = Ktr^—R^R" + y [R^Ru] [R^R^ , (3.7) 
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where c$ is a constant given by 



cs= dzh{z)[^ + {z)il)^{z)\ =0.156... . (3.8) 

J — oo 

The expression of the low energy limit of the CS term depends on whether we adopt the 
original one (12. 3p or another one (12.71) proposed in [8] (see sec. 5.5 of pQ for the former, and 
appendix D of [8] for the latter). In both the cases, the CS term is reduced in the low energy 
limit to N c T W zw[U] with the Wess-Zumino-Witten term T W zw[^] given by an apparently 
common form: 

r wzw[t/] = / ^{-lU-'dU) 5 . (3.9) 

For the original CS term of f 1 2 . 3 j) . the integration is over the five-dimensional space-time of 
(x M ,z), and U is g(x,z) of (13.11) . In the case of ( 12.71) . the integration of (13.91) is over the 
five-dimensional space-time, M 6 with the z part removed, and U is given by (12.131) with A z 
replaced by that on M$. In summary, the low energy limit of the SS-model is the Skyrme 
model with the WZW term: 

S Sky rmc[£/] = / d*X C V + N C T WZW [U}. (3.10) 

3.2 Low energy limit of the chiral currents in the SS-model 

Now we wish to show that our chiral current in the SS-model, 3im a {x) fl2.44f) with (12.45 j) . 
reduces in the low energy limit to the corresponding one in the Skyrme model (13.101) . For this 
purpose we first look more carefully at the process of moving to the A 9 Z = gauge. 

In the low energy limit of the SS-model in a gauge with the boundary condition ( 12. 12ft . 
A z (x, z) has only the mode <f>o(z), 

MZ) = ± ^z~ = n—i' (3 - U) 

and is given by 

Az(x,z) = (p(x)(j> (z), (3.12) 

in terms of a Lie-algebra valued function <p(x). Then, g(x, z)~ x (13.11) for moving to the A 9 Z = 
gauge and the pion field U(x) (12.131) are given in terms of <f(x) as 

gix^z)' 1 = exp(-i(p(x)ijj + (z)), (3.13) 
U(x) = g(x,z = oo) -1 = exp(— ip(x)) . (3-14) 

For this g(x, z)' 1 we actually have 

A 9 z = g (A z - id z ) g~ x = 0. (3.15) 
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The key equations used in the rest of this subsection are the projector- like properties of the 
zero-modes ip±(z) in the low energy approximation of dropping the massive z-modes: 

Mz? <M<2#-W-0, ip+(z)+il>-(z) = l. (3.16) 

The first equation is due to that a function f(z) with the boundary behavior f(z — > ±00) = 1 
and f(z — > — is mode-expanded as f(z) = if)±(z) + massive-modes, while the second 

one is due to that f(z) which vanish both at z — ±00 contains only the massive- modes. The 
third equation is an exact one. Using the first equation, g(x, z)^ 1 (I3.13P is approximated as 

00 - 00 j 

g(x, z)- 1 = 1 + ^ _(-^(x)^ + (z)) n ~ 1 + ^2-(-iip(x)) n ^ + {z) = i/>-.(z) + U{x)i, + {z). 

n=l n=l 

(3.17) 

Likewise we have 

g(x, z) ~ ^(z) + U(x)-^ + (z), (3.18) 

and we can confirm g~ l g ~ 1 by using (13.161) . Note, however, that it is dangerous to use 
( 13.171) and ( 13.181) in expressions containing the derivatives with respect to z, such as ( 13.151) . 
For example, differentiating ip™ ~ ip + (n > 2) with respect to z and using again ( 13. 16ft . we get 
a conflicting relation n?/> + 0o — 4>o- 

Having finished a preparation, let us turn to considering our chiral current in the SS- 
model in the low energy limit. Note first that our chiral current jj?(x) with ((x,z) of ( 12.421) 
has a meaning for configurations satisfying the boundary condition (I2.12p . For using the low 
energy expressions (13.41) . (13.51) and (13. 6p in the A 9 Z = gauge, we use the fact that j£(x) 
is invariant under the simultaneous gauge transformations ( 12.41(1 of both Am and (. For 
( = ip-t a corresponding to the right-current j^ a (x), ( 9 in the A% = gauge is the same as 
the original one in the low energy limit: 

~ (V- + U-^+ty-taty. + U^J + ) ~ *P_t a , (3.19) 

where we have used the expressions (13.171) and (13 . 1 8(1 for g^ 1 and g, respectively, and the 
projector property ( 13. 16D . Therefore, j^ a (x) in the low energy limit is obtained by simply 
replacing A^ and J-'mn in (12.45(1 with those in the A 9 Z = gauge, (13.41) . (13.51) and (13. 6p . and 
carrying out the integration over z: 

f Ra {x) ~ -2Ktvl^R^ + c s [[R^R v ],R v Yj t a j - ^e^ x ti(R u R p R x t a ). (3.20) 

This agrees with the Noether current of the right-transformation U(x) — > U{x)g^ { 1 in the 
Skyrme model (13.101) . It is obvious that the z-component of the five-dimensional current (12.471) 
vanishes at z = ±00 and hence satisfies the condition (12.23(1 necessary for the conservation of 
the four- dimensional current (13.201) . 

Next, let us consider the left-current i1 a (x) corresponding to ( = ip + t a . In this case, the 
gauge transformation to the A 9 Z = gauge effects a nontrivial change on (: 

C 9 ~ (V_ + U-^+ty+taty.. + UiP+) ~ Mz)U(xyH a U(x). (3.21) 
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Plugging this ( 9 together with (JE2D, (EUD and <$M) into (I2T3TID and (J232D, and using, in 
particular, that V 9 ,^ 9 ~ — i [R u , U~ l t a U] ip+ip-, we obtain the Noether current of the left- 
transformation in the Skyrme model: 

f L>a {x) ~ 2k tr | (llf + c s [[U 1 , L"], L„]) 4} - ^e^tr(L u L p L x t a ), (3.22) 

with 

= U(x)R fl (x)U(x)- 1 = iU(x)d fl U(x)-\ (3.23) 

Another way to get the same j^ a {x) in the low energy limit is to repeat the arguments leading 
to f)3.20p by replacing g(x, z) _1 of (I3.17P with g(x, z)~ 1 U(x)~ 1 ~ 4>-(z) + U(x)^ 1 ip + (z) which 
also realizes J^ z 9 = 0. 

Finally in this section, we comment on the low energy limit of another candidate chiral cur- 
rent j£, R (x) (12.37ft defined on the boundary z = ±00. This current should also be considered 
under the boundary condition (12.121) . Using the relation T^x, z) = g(x, z) _1 JF^(x, z)g(x, z) 
together with g(x,z = —00) = 1 and g{x,z = 00) = U{x)^ l 1 we find that the low energy 
limit of 3 i/ R {x ) can reproduce only the first term ±(2k/tt) tr((L/i?) At t a ) of the whole Noether 
currents (13.201) and (13.221) of the Skyrme model. 



4 Static properties of nucleons 

Baryons in the SS-model (12.11) are described by a soliton solution. In |5J, explicit construction 
of the baryon solution and its collective coordinate quantization were given in the two flavor 
[Nf = 2) case and in the approximation of large 't Hooft coupling A. The baryon solution 
in this approximation on a time slice is the BPST instanton solution [T3j with a fixed size, 
which is determined by the balance between the contraction force from the warp factors and 
the expansive one from the self-interaction via the CS term. (See [8] for an extension to the 
three flavor case.) 

In this section, we calculate the various static properties of nucleons in the Nf = 2 SS- 
model by using the chiral current (I2.44p and the baryon solution with quantized collective 
coordinates given in [5]. The quantities we calculate are 

• Electric charge distribution and charge radii 

• Magnetic moments and magnetic charge radii 

• Axial-vector coupling constant gA- 

The present analysis is an SS-model extension of that given in [3] for the Skyrme model. At 
each step, we compare our results with the corresponding ones in the Skyrme model [3] and 
the experimental values. 
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4.1 Baryon solution and its collective coordinate quantization 

In this subsection, we summarize the baryon solution in the Nf = 2 SS-model and its collective 
coordinate quantization in the approximation of large A [5]. They are consistently given by 
assuming that the space-time coordinates x M = (x^, z) and the U{2) gauge field Am are of 
the following orders with respect to A(^> 1): 

x M= hz = ^-1/2) ^ x = O ( A 0) 

A M=i ,z = O (A 1 / 2 ) , A = O (A ) 
F mn — O (A) , T QM = O (A 1/2 ) , (M,N^0). (4.1) 

At the leading order in this large A approximation, the warp factors ( 12. 5ft are set equal to 1, 
and the SVm A2.2)) is reduced to the YM action on the flat space. The non-trivial effects of 
the warp factors as well as the CS term (12.31) are of order A -1 . 

In p5], they expressed the action and the EOM in terms of the rescaled coordinates and 
fields which are of order A . Here, we continue using the original coordinates and fields since 
we need chiral currents as functions of the real space coordinated Decomposing the U(2) 
gauge field Am into the SU{2) part A M and the U(l) part A M as 

Am = A M + A M = A a M t a + A M il 2 , (t a = ~r a ^ , (4.2) 

the static baryon solution A M sitting at the origin (x, z) = (0, 0) is given to the leading order 
by 

A M=iiZ (x, z) = -z'7(0 9h*t(x, z)- 1 d M g inst (x 1 z), A$(x, z) = 0, (4.3) 

1 1 



A M=i Jx,z)=0, A*(x,z) 



8n 2 a\ e 



2\2 



(4.4) 



with 



gmst(x) = ~ {zi 2 + ix'n) e SU(2), (4.5) 



P 2 



A0=«3T-2, i = V^T^. (4.6) 
The explicit expressions of the SU{2) part of the gauge field and the field strengths are 

Af(x, z) = ^7(0 (zti - e lja xH a ) , Af{x, z) = -lj^) x a t a , (4.7) 

and 

4 — 4 — 

F$(x, z) = -^f{ife i3a g^ st t a g- mst) Ff z {x, z) = -^f^fg^Ug^, (4.8) 



^ Accordingly, various constants in this paper (for example, (|4.10|) . (I4.25| and (|4.27j> ) differ from the 
corresponding ones in [5] and [8] by A or 1/ A. 
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with 

g inst {x, z)-\ g inst {x, z) = — [{z 2 - x 2 )t a + 2x a xH b - 2t aib zx%] . (4.9) 

The SU(2) part of the solution is nothing but the BPST instanton solution [T4] with size p in 
the (x, z) space . The size p is determined by minimizing the sub leading part of the energy as 

1 [6 



This implies that the baryon has a very small size of order A -1 / 2 . The mass of the solution 
with p of (14.101) is given by 

M = 8vr 2 /€+ y|r^ c , (4.11) 

where the second subleading term is from the CS term and the z 2 terms of the warp factors. 

The baryon solution we presented above is in the singular gauge, namely, the gauge where 
Afj is singular at the origin £ = but is regular at the infinity £ = oo. Besides the singular 
gauge solution, we have the solution in the regular gauge where Afj is regular at the origin 
but is singular at the infinity. The two are connected by the gauge transformation in terms 
of 

gWst- The reason why we adopt the singular gauge solution here is related to the boundary 
condition f 1 2 . 1 2 j) as we will discuss in appendix [K\ In fact, the large £ behavior of the SU(2) 

gauge field (0~3]) in the singular gauge is Af 4 i(p 2 /£ 2 )g^ t d M gm S t = C(l/£ 3 ), while it 

is -iginstd M g^l t = 0(l/£) in the regular gauge. 

The collective coordinate quantization of this baryon solution is carried out in a standard 
manner plj. Besides the center-of-mass x l coordinate and the SU(2) rotation which are genuine 
zero-modes, we take the size p and the center-of-mass z coordinate as approximate collective 
coordinates for quantization since the energies of these modes are much lighter than other 
kinds of massive modes for large A. Then, the gauge field one-form A with the collective 
coordinates of the center-of-mass and the size, X a {t) = (X M (t), p(t)) , and that of the SU{2) 
rotation, W(t) G SU(2), incorporated is given b}H 

A(x, z, t) = W{t) {A cX (x, z; X a (t)) + $(cc, z, t) dt - id) W[t)~\ (4.12) 

where $ is determined by the Gauss law as 

3 

$(*, z,t) = J2 X a m a - X M (t)A*(x, z; X a (t)), (4.13) 

a=l 

with 

X a (t) = -2ztr (t a W(t)- 1 W(t)') , (4.14) 

® a = f(£;X a (t))t a , (4.15) 



II In this paper we adopt the way of introducing the collective coordinate given in [8], which is related to 
that in [5] by a gauge transformation. 
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4 Z + p z 

In A cl (x, z\ X Q (t)) , we must replace x\ z and p in the initial expression (14. 3 p by x % — X l (t), 
z — Zit) and p(t), respectively. This is the case also for f(£;X a {t)) in In later 

subsections, we use the following expressions of the gauge field and the field strength which 
are derived from fj4. 12[) : 

Ai(x,z,t) = W(t)Af(x,z;X a (t))W(t)-\ (4.17) 
F MN (x, z, t) = W(t)F* N (x, z; X a (t)) W{t)~\ (M, N^Q), (4.18) 

F 0M (x, z, t) = W{t) (x'F^ + ZFf Iz + p^-Af, - X a Df^ W(t)-\ (4.19) 

Substituting the expressions of the fields in terms of the collective coordinates into the original 
action ( 12. ip . we obtain the lagrangian of the collective coordinates: 

L = L x + L z + L p + L pW , (4.20) 

where the component lagrangians are given by 

L x = -8n 2 K + ^X 2 , (4.21) 

m Z ( ^2 , ,2 V 2 



Lz = ^f [Z' 2 - u\Z? ) , (4.22) 
L P = ^(f> 2 -"y)-^ (4-23) 
Lw P = \™yj^{x a f =l{p)tA(-iW- l W) 2 ] , (4.24) 



o=l 



with the various quantities defined by 



mx = mz = ^r = 8tc 2 k = — (4.25) 

"1 = 1, rf=\, (4-26) 

Q = ^ (4.27) 

J(p) = \rnlp 2 = 4tt V- (4.28) 

The collective coordinates X l (t), Z(t), pit) and W(t) are quantized by using the lagrangian 
( I4.20p . In this paper, we consider only nucleons at rest and hence omit the collective coordinate 
X l {t). The quantization of other collective coordinates are summarized as follows [5J: 

• Upon quantization of the SU(2) rotation W(t), baryons are classified by the spin Jj and 
the isospin I a , which are the Noether charges of the right and the left transformations 
on W, W — > giWgJ 1 , respectively. Explicitly, we have 

J% = 2J(p) t^-iW^WU) = l(p) X l (t), (4.29) 
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I a = 21(p)ti(tWW-H a ). (4.30) 

Since Jj and I a are related by I a t a = —\VJitiW~ 1 , their representations must be the 
same. 

• For the I = J = £/2 state [l is an odd integer), the wave function R^ n (p) of p (under 
the measure J^°dp p 3 ) is given by 

Ri,n p (p) = p e F(-n p , £ + 2, rripUpp 2 ) exp ^-^m^p 2 ^ , (n p = 0, 1, 2, . . .), (4.31) 

where F(a, 7; z) is the confluent hypergeometric function, and £ is related to £ by £ = 
-1 + y/(i + l) 2 + 2m p Q. 

• The lagrangian (14.221) for Z is simply that of a harmonic oscillator. We denote its 
quantum number by nz{= 0, 1,2,...). 

Therefore, the baryon states are specified by a set of quantum numbers (£,n p ,nz)- The mass 
of the corresponding state is given in the Mkk = 1 unit by 



M^ nz = 8n 2 K + y + ^2 + y r (n p + n z + 1) . (4.32) 

The nucleon iV and A(1232) correspond to (£,n p ,n z ) = (1,0,0) and (3,0,0), respectively. 
The mass of the nucleon and the iV-A mass difference are 



»\ =n-V-i J? + AjVJ + J? (4.33) 



M a - M K = ^ + 2*5 - ^ + IjVJ. (4.34) 

In the calculations of physical quantities in the following subsections, we make the following 
treatments on M KK , M N , p and Z: 

• We determine the value of Mkk by equating the N-A mass difference (14.341) with N c = 3 
with its experimental value, (1232 — 939) MeV: 

M KK = 488 MeV, 1/M KK = 0.404 fm. (4.35) 

• Since our analyses below on currents are at the leading order in 1/A, we take only the 
first term 8tt 2 k, of the nucleon mass (14.331) : 

M N = 8ti 2 k. (4.36) 
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Since we have F(0, £ + 2, m p uj p p 2 ) = 1, the wave function (14.311) of p is given for nucleons 
by 

RiM = P In exp (-^mpujpp^j , (I N = -1 + 2y/l + iV c 2 /5) . (4.37) 

In evaluating the various quantities O(p) depending on p, we take the expectation value 
using the wave function (14.371) and the measure J^°dpp 3 : 

P Jo dpp 3 R lfi (p) 2 
In particular, (p 2 ) p , which repeatedly appears in the following subsections, is given by 



This agrees with p 2 t (I4.10p in the large N c limit. Using (I4.36P and 

M N = 939 MeV = 1.92 M KK , (4.40) 
the numerical value of (14.391) for N c = 3 is 



'(p*) p = 0.672 fm, (4.41) 
where we have used (14.351) for expressing the result in fm unit. 

Since the Z(t) dependence in the five- dimensional current of the form z — Z(t) disappears 
after the z- integration necessary in obtaining the four- dimensional current, we put Z = 
from the start. The time-derivative terms of Z appearing in our chiral current is only 
the Z term coming from (14.191) . and no terms containing more time- derivatives arise. 
Since the expectation value of Z is equal to zero for energy eigenstates of the Z harmonic 
oscillator, we drop this Z term in the current. 



In the following subsections we calculate the various static properties of nucleons using the 
U{Nf) L /R currents defined by ( 12.441) and ( 12.451) . We see from ( l4~8j) and (14.191) that another 
chiral current j1/n(. x ) (12.371) defined by the field strength on the boundary z = ±oo does 
vanish. This is the case both in the singular gauge adopted here and also in the regular 
gauge. Quite similarly, the z-component of the five-dimensional current, ( 12.471) . vanishes on 
the boundary for the baryon configuration and hence satisfies the condition (I2.23p . 

Although the local current ji/ R {x) itself vanishes for the baryon configuration, it may 
happen that the space integration of a quantity containing the current is non- vanishing if we 
take the z — > ±oo limit after carrying out the integration. This is the case for the isovector 
magnetic moment computed in sec. 14.31 We will briefly summarize in sec. 14.51 the results of 
computation using j^/ R (x). 
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4.2 Charge density 



As a static property of nucleons, let us first consider its charge density. For this we need the 
isospin density j Va (x) and the baryon number density First, the isospin density before the 
z-integration, Jy a (x, z) (a = 1, 2, 3), to the leading order in the large A approximation of (14.11) 
is obtained from the non-abelian part of (I2.45P by neglecting the warp factors and using that 
ipv( z ) — 1 f° r the vector current (see (I2.46P ): 

4 <a (x,z) = 2iKtr{([F 0i ,A i ] + [F 0z ,A z }y a } 

d 



2k tr< 



xM=i,z 



dp 



pit)- i[Dfi$ b ,A*] X b (t)\W(t)-H a W(t) 

M=i,z J 

(4.42) 

where have dropped the X 1 and Z terms in (14. 19ft as announced above. Using 

t\Dt^ a ,Ai I ]=^m) 3 t a , (4.43) 

M=i,z " 

and that [(d/dp)Af f ,Af I \ = 0, which is due to {d/dp)A% oc A%, we get 



fr 



7T 2 (e + p 



(4.44) 



where I a is the isospin operator (14.301) . and we have used the formula ti{t b W 1 t a W)x b — 
tr(— iWW~ 1 t a ) . The isospin density in four dimensions is obtained by integrating (14.441) over 



z: 



/oo 
dzJ Via { 
-oo 



X, Z) 



4vr (r 2 + p 2 ) 5 /2 



la- 



We can confirm that our jy a is indeed the isospin density: 



I a = Jd 3 xj Vja (t,x). 



(4.45) 



(4.46) 



Next is the baryon number density in four dimensions. In the SS-model, a (topologically) 
conserved baryon number current in five dimensions has been defined [H[2]: 

J'j^z) = ^ MNPQR tr(F NP F QR ). (4.47) 

Our baryon solution has in fact a unit baryon number; namely, we have J d 3 xdzJ% = 1 for the 
solution (14.31) . It is interesting to notice that this topological current Jjf (14.471) is obtained as 
the Noether current of the U(l)y symmetry, j¥ (12.291) with £ = 1 (see also (12.451) ). divided 
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by N c , though all the fields in the action (12.1 p are inert under the U(l)y transformation. From 
(I4.47p . the four- dimensional baryon number density for the baryon configuration (14.181) is 

JzJ° B (x,z) = — 2 j Jze ijk tx(Fp£ z ) = - (r2+ ^ 2)7/2 . (4.48) 

Integration of (I4.48P further with respect to x gives one as mentioned above. 

Now, let us evaluate physical quantities from the isospin density (14.451) and the baryon 
number density (14.481) . First, the charge density is given by 

3L(t, x) = j v>a=3 (t, x) + IjO (t, x) = ^ {r2 f p2)5/2 h + ^ (r2+ ^ 2)7/2 , (4-49) 

and we actually have J d 3 x j® m (x) = I 3 + (1/2). In fig. [TJ we plot the radial charge distribution 
47rr 2 (j° m (r)) p for proton and neutron. The curves in fig. [T] are close to those in the Skyrme 




Figure 1: Radial charge distribution 47ir 2 (j® m (r)) p of proton (red curve) and neutron (green 
curve). The units of the horizontal and the vertical axes are fm and 1/fm, respectively. 

model (see fig. 2 in [4])- However, they are in disagreement with experimental results |15j . 
which show that the neutron is almost locally neutral in the region r > 0.05 fm, and that the 
charge distribution of proton decays exponentially for large r (while our 47rr 2 (j° m (r)) p decays 
as 1/r 5 ). 

Next, the isoscalar mean square charge radius is calculated afl 



0.82 fm, (ANW : 0.59 fm, Exp : 0.80 fm) , 

(4.50) 



(f 2 ) 1 /^ as a function of p 2 was obtained before by S. Sugimoto (private communication). 
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where we have used ( 14.411) . and ANW and Exp denote the result of jl] and the experimental 
value [16], respectively. The (numerator of) isovector mean square charge radius, 

{ >'->■ (fd°xf v ^ 3 (t,x)) p ' { - b> 

is logarithmically divergent at r = oo as in the Skyrme model [JJ. This phenomenon may be 
ascribed to the fact that all the quarks and hence the pions are massless in the SS-model [T7j . 

4.3 Magnetic moments 

In this subsection, we examine quantities related with the magnetic moment of nucleons: 

If 11 

M = 2 d 3 xxx j em {x) = -n I=1 + -M/=o, (4-52) 

where j em is the electro-magnetic current vector, 

Jem = Jv,a=3 + ^ ^ B ' (4.53) 



and the isovector and the isoscalar magnetic moments are defined respectively b}0 

A*/=i = Jd 3 xxx j Va=3 (x), (4.54) 



M/=o = \ J d 3 xxx j B (x). (4.55) 

For this purpose we need the space components of the isospin current and the baryon number 
current. The space component of the five dimensional SU(N f)v/A currents at the leading 
order in the large A approximation are given from (I2.45P and (14.11) by 



-2Ktr{( £ < [Ff M} Att] ifa/ A (z) + Ft 

{ \M=j,z 



4/aA x > *) = - 2 « tr \\ E i + F?^^ \ W(t)-%W(t) } . (4.56) 



E 1 l F iM> A m] - £ 2 (£2 + p2)3 ( Zti ~ € ijaXH a ) , (4.57) 



Here, we need the vector current. Using ipv{ z ) — 1 and 

16p 4 

M=j,z 

the space component of the four- dimensional SU(Nf)y current is obtained as 

,• / x f°° r w / x 4ttk /8 8r 4 + 20p 2 r 2 + 15p 4 \ , , TT7/ N , Trr/ 

= y ^^«) = 72- (- (r2 ^ p2)5/2 ) e ljk xnr(t k W(tyH a W(t)). 

(4.58) 



^ Our SU(Nf)v/A current jy, A a is half of that in [4]. 
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As for the space component of the baryon number current, we first have from (14.471) . (14.181) 
and (14~19]) that 



Jb(x,z) 



1 



5tp 



£ijkto{FjkF 0z + 2F jFk 



3 p 4 



d 



and hence 



-a 2 (e + p 2 y 

' ji f s 15 p 4 

azj B {x,z)- 167r (r2 + p2)7/2 



(5 i a-e^')x a (t) + 2a; i -lnp(t) 



(4.59) 



-e lJ a^X a W + 2x^lnp(t) j . ( I .(>()) 



Then, the isovector and isoscalar magnetic moments, (I4.54p and ()4.55|) . are calculated as 
follows: 

(M/=i)i = ey* y rf 3 " J t= 3 (^) = -87r 2 Kp 2 tr(W(0 _1 ^(i)), (4.61) 

(/*/=«,)« = ^ / ^•'••'• ? .//^ / - x ) = JX'W = Ji, (4-62) 

where Jj is the spin operator f|4.29j) . From this we can read off the isovector ^-factor gi = % and 
the isoscalar one gi = o defined for nucleon states in the Pauli matrix representation of spin and 
isospin, Ji = a ijl and I a = r a /2, by 



9i=i & , , 



2MAT 2 
9i=o_cr_ 
2M N 2' 



For <?j = i we use the relation valid for nucleon states (see eq. (22) in [4]) 

(N'\ tr{UW-H a W) \N) = ~ (N'\ a t ®r a \N), 



(4.63) 
(4.64) 

(4.65) 



to get 



1Qti 2 k 



N 2 



9i=i = — ~ — M N (p 2 ) o = X l - [ 1 + 2^/ 1 + -± ) M N = 6.83, (ANW : 6.38, Exp : 9.41) , 

(4.66) 

where we have used ( 14.391) and ( 14.401) . On the other hand, gi=o is exactly equal to one if we 
adopt (14736]) for M N : 



9i=o 



M, 



N 



8n 2 K 



1, (ANW : 1.11, Exp : 1.76) 



(4.67) 



The results ( I4.66P and (I4.67P are restated into the nucleon magnetic moments /i Pjn in units of 
Bohr magneton eh/{2M^) as follows: 



p p = - (0i=o + gi=i) = 1.96, (ANW : 1.87, Exp : 2.79) 



(4.68) 
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fi n = - (9i= - 9i=i) = -1.46, (ANW : -1.31, Exp : -1.91) . (4.69) 



Their ratio is 



ftp 



1.34, (ANW : 1.43, Exp : 1.46) . 



(4.70) 



Finally, the isoscalar magnetic mean square radius is defined by 



/ 2 ^ (J™d rr2 PM,i=o(r)) p 
{r )mJ= ° (f °°drpM,i=o(r)) 



(4.71) 



in terms of the isoscalar magnetic moment density PA/,/=o( r ) giving the coefficient of i n 
(14. 62ft ; (fj, I=0 ) i = J^°dr pM,i=o(r) x l if)- I n the present case, we have 



PM,i=o(r) 



5 p 4 r 4 



4( r 2 + p 2)7/2- 



(4.72) 



Therefore, {r 2 ) MI=0 is logarithmically divergent at r = oo in contrast with the case of the 
Skyrme model where it is finite [I]. 



4.4 Axial-vector coupling 

Let us consider the SU(Nf)A current to obtain the axial- vector coupling qa- First, (the space 
component of) the five-dimensional current J Aa (x, z) is given from ( 14.561) by using ( 14.57ft . 
( 14.81) and ( 14. 9 j) for the baryon solution: 



5Kp 



4p 2 zjj A (z) 

e(e+p 2 ) 2 1 e+p 2 



dz 



tr (UW{t)-H a W{t)), (4.73) 



where we have kept only the terms which are even in z (iPa{z) is odd in z) since we eventually 
carry out the ^-integration, and have carried out the spatial angle averaging to replace x a x b 
in ( 14. 91) by 5 a br 2 /3. Since we are considering the leading order of the large A approximation 
with the orders of the respective quantities given by (14. Xp and we have already approximated 
the warp factors by 1 in (14 .73 p . the function iPa{ z ) = (2/7r) arctanz (12.461) should consistently 
be approximated in (I4.73P by 

Mz) = -z. (4.74) 



7T 



We will comment later on what happens to the SU(Nf)A current if we keep the original 
expression of the function ip A (z). Using (14.741) . the five- dimensional SU{Nf)A current reads 



^ z J l A,a\ X i Z 



32k 
3p^ 



6r — 



+ 12pV + 3p 

( r 2 + p2)3/2 



tT(tiW(t)-H a W(t)). (4.75) 



The axial-vector coupling constant qa is obtained by identifying the nucleon matrix element 
of 

r d 3 xf AA (x,t) = -^^triUW-Xw), (4.76) 
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with the q — > limit of the non-relativistic expression [I] : 

(N'(p')\ f A , a (°) \N(P)) = \9A{q 2 ) - (N'\ a, ® r a \N) , (q = p' - p) . (4.77) 

Making the angle averaging of q to replace q l qj jq 2 in (I4.77P by 5^/3 and using (14.651) . we get@ 




9 A = 9A(0) = ^ (p 2 ) n = £f | 1 + 2\l 1 + = 1.13, (ANW : 0.61, Exp : 1.24) , 

(4.78) 

where we have used (14.391) for (p 2 ) p - Compared with the result in the Skyrme model, we have 
got a surprisingly good agreement with the experimental value. Note that qa (14.781) is indepen- 
dent of our choice of Mkk (I4.35p . If we had simply replaced (p 2 ) p in (I4.78P by the minimum of 
the potential p 2 t given by (14.101) without treating p as an approximate collective coordinate, we 
would have obtained, instead of (14.781) . a less attractive result; Qa = 2 3 ^ 2 N c /(^/TEn) = 0.70. 
This is nothing but the large N c limit of (14. 78 p . 

We will make some comments on the evaluation of g^, which has been done by the four- 
dimensional integration jd 3 x jdz of the five-dimensional current (14. 73 p . First, note that the 
four- dimensional integration of the (z 2 — x 2 /2>)dipA{z)/dz part is superficially logarithmically 
divergent at £ = oo for V'a(^) of (I4.74p . However, it can actually be convergent since the sum 
of the coefficients of z 2 and (x 1 ) 2 is equal to zero, 1 — (1/3) x 3 = 0, and it can take any 
value depending the way of integration. The integration vanishes if we adopt the symmetric 
integration using the four- dimensional polar coordinates. Our qa (I4.78P has been obtained 
by carrying out first the ^-integration to give j Aa and then the ^-integration to take the 
zero-momentum limit. If we reverse the order of integrations, we get 

dz J d 3 x J A , a (x, z ) = 0- (4.79) 

This is seen from the following formula valid for any i[>a(z)' 

8tt 2 k d 



with 



J d 3 xj- A jx,z) = ^r^QWMz)] HuwXw), (4.80) 

Q M = 8N'- fe4 + 4 f V :^ =0 a), (^ ± oo). (4.81) 



^/z 2 ~+p 1 



Eq. (14.801) implies that we have (I4.79P also for the original expression iPa{ z ) — (2/V) arctanz 
(I2.46p . Since this four-dimensional integration is absolutely and uniformly convergent, we can 
freely exchange the order of integrations to conclude that Qa — for the original iPa(z) (12.461) 
and the trivial warp factors. 



W Eq. (|4.78p before taking the expectation value of p 2 agrees with gA,mag = 4C/7T given in eq. (5.35) of [7] 
using a different approach. The constant C is given below eq. (5.17) of [7|. 
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4.5 Computations using j^/ R 

In this subsection, we briefly summarize the computations using the chiral current ji/ Ra {x) 
( I2.37P of the bulk-boundary correspondence. As mentioned at the end of sec. 14.11 although 
the local current ji/ Ra {x) itself vanishes for the baryon configuration, the space integration of 

a quantity containing j1/ Ra {x) can be non- vanishing if we take the z — > oo limit after carrying 
out the space integration. Approximating the warp factor k(z) by 1 as before and replacing 
the boundaries z = ±oo by z = ±A, the space component of the SU(Nf) L / R current (12.37P is 
given by 

?l/rA x ) = T2Ktr(F iz (x,z = ±A)t a ) 

= ^ 2( ^ 2)2 tr{ [(z 2 ~ x % + 2a;Vt i - 2e ijk zx j t k ] W ^^}[ =±A > ( 4 - 82 ) 

where we have used (14. 8 p and (14.91) for the singular gauge field strength. Therefore, the space 
components of the vector and the axial- vector currents are 

Tvjfi) = J^^^xnr{t k W-XW), (4.83) 



JaA x ) z 



(tf-j^tifaW-XW), (4.84) 



(r 2 + A 2 ) 3 

where we have ignored p 2 in the denominators since we take the limit A — ► oo in the end. 
First, the isovector magnetic moment is calculated using (14.831) as 

{Jx I=1 ) i = lim e ijk [ <Pxxi~j*{t,x) = -16n 2 K P 2 tr (t t W (t)~%W (t)) . (4.85) 

A^oo J 

This is twice our previous result (I4.6ip . Therefore, the corresponding isovector ^-factor is 

gi=i = 2g I= i = 13.6, (4.86) 

which should be compared with the values in (14.661) . The factor of two difference between 
the two isovector magnetic moments, (I4.6ip and (I4.85p . can be understood from the relation 
(I2.39P between the currents. In the present case, we have to cutoff the z-integrations for j£(x) 
(I2.20p and x^ u { x ) (I2.40p at z — ±A. One can confirm first that fJ.j = i (14.611) remains the same 
even if we take the A — > oo limit at the end, namely, even if we exchange the order of the x 
and z integrations. Second, we can show that the contribution of the djX^ term of (I2.39j) to 
the isovector magnetic moment, JcPxx* 1 *, is just what is necessary to explain the factor 
of two difference. 

Next, the axial- vector coupling g A becomes zero if we adopt the axial- vector current of 

lim [d 3 xf A Jx J t)=0. (4.87) 



This is also consistent with the relation (12.391) . In this case, the space integration of djX^ 
vanishes, and (I4.87P is equivalent to our previous (14 .79 p . 
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5 Summary and discussions 



In this paper, we computed static properties of nucleons in the SS-model, namely, the five- 
dimensional YM+CS theory realized as the low energy effective theory of mesons in the holo- 
graphic QCD model of Sakai and Sugimoto [TJ [2]. For this purpose, we first constructed 
a chiral current in four dimensions from the Noether current of local gauge transformation 
which effects non-trivial transformations on the boundaries of the extra fifth dimension. We 
confirmed that our chiral current is reduced in the low energy limit to the chiral current in the 
Skyrme model. The baryons in the SS-model is realized as a soliton, which at a time slice is 
approximately the BPST instanton with a fixed size. We considered the chiral current in the 
collective coordinate quantization of the baryon solution within the large A approximation, 
and calculated electric charge distributions (fig. [Q, charge radius (I4.50p . magnetic moments 
(14.661) and (14.671) ]. and the axial- vector coupling (14.781) of nucleons by taking the masses of the 
nucleon and A(1232) as inputs. For most of these quantities, the obtained numerical values 
in the SS-model are better close to the experimental values than in the Skyrme model [4J. We 
emphasize that in this calculation it is important to quantize the scale p of the baryon solution 
as an approximate collective coordinate. If we treat p simply as a constant determined as the 
minimum of the potential, agreement with the experimental values becomes worse for many 
of the static properties as we mentioned explicitly for the axial vector coupling in sec. 14.41 

Although the results of our computation of static properties of nucleons are phenomeno- 
logically rather satisfactory ones, we have to recall that there remain two problems in our 
chiral current ji/ R {x) in the SS-model as we explained in sec. 12.41 One is the ambiguity of 
the interpolating function ((x,z) satisfying the boundary condition (I2.18p . and the other is 
the gauge-noninvariance of the current. As the function ((x,z), we took (12.421) using the 
zero- modes ip±{z) fl2.43j) in this paper. However, we have no convincing reason for choosing 
this particular ((x, z). The choice of ((x,z) directly affects the results of our computation. 
In particular, in the calculation of the axial-vector coupling in sec. 14.41 the first term (14.741) 
of the Taylor series at z = of C(:c, z) for the axial- vector current was the source of our nice 
result (14. 78 p . The gauge-noninvariance is related with the choice of ((x, z) as we explained in 
sec. 12.41 It is indispensable to resolve these two problems in order to make the computations 
carried out in this paper really meaningful. 

Reconsideration of another chiral current j1/ R {x) (12. 37ft obtained from the coupling with 
the external gauge fields on the boundaries or from the bulk-boundary correspondence may 
also be necessary. The two chiral currents are related by (12.391) : They are equal to each 
other up to the EOM and a trivially conserving term. An advantage of the current j1/ R {x) is 

that it is free from the two problems of j1/ R {x) mentioned above. However, j^/ R {x) does not 
reproduce the chiral current of the Skyrme model in the low energy limit. Moreover, since the 
baryon solution in the SS-model is localized near the origin of the extra fifth dimension, the 
local current j1/ R {x) itself, which is given in terms of the field strengths on the boundaries, 
vanishes for the baryon configuration. We saw in sec. 14.51 that a static property given as an 
integration of a quantity containing the chiral current could be non-vanishing if we take the 
limit of going to the boundary after carrying out the integration. This is the case for the 
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isovector g-factor. It might be that, by taking into account more subtle points in the current 
^l/r( x ) or ^ going beyond the large A approximation, we could get nontrivial results from 
3l/r( x ) f° r a ^ the static properties of nucleons including the local charge density. 



Acknowledgements 

We would like to thank H. Suganuma and S. Sugimoto for valuable discussions. The work of 
H. H. was supported in part by a Grant-in-Aid for Scientific Research (C) No. 18540266 from 
the Japan Society for the Promotion of Science (JSPS). 



A Vector current in the regular gauge 

In sec. HI we gave an analysis of the static properties of nucleons based on the baryon solution 
(14.31) in the singular gauge. Fortunately, the singularity of the solution at the origin £ = did 
not cause any trouble. In this appendix, we outline the analysis of the isospin density using 
the baryon solution in the regular gauge to explain problems of this gauge (see sec. 14.21 for the 
isospin density in the singular gauge). 

The baryon solution in the regular gauge is related to the singular gauge solution via the 
gauge transformation by g inst (x,z). Concretely, the SU(2) part of the regular gauge solution 
is given by (14. 3p with g inst (x, z) and gi ns t( x , exchanged and /(£) replaced with /(£) ( 14. 16ft . 
The U(l) part of the solution, Afj, remains unchanged from (14.41) . The field strengths of the 
solution are given by ( 14.81) with ^ i ^ t i a fl l inst replaced with t a . After the introduction of the 
collective coordinates, the gauge fields and the field strengths are given by (14. 17[) (14. 19j) with 
* a (ESP replaced by 

$a = ^inst^inst = / (fr X a (t))g ilsst t a gr^. (A.l) 

Now, let us consider the five-dimensional isospin density Jy a (x,z) ( 14.421) in the regular 
gauge. Instead of the formula (14.43p . here we use the following one in the regular gauge: 



M=i,z 



reg. gauge 



Since gmstt a g- m lt in (IA.2I) . which is given by the RHS of (14. 9p with the replacement x % — > —a;*, 
is not spherically symmetric, we carry out the spatial angle averaging; (x a x b ) n = 5 ab x 2 /3, 
(x l ) n = 0. Then, we get 



I reg. gauge ^2 ^2 _|_ \ 3 

which should be compared with (14.441) in the singular gauge. Note that the four- dimensional 
integration J d 3 x J dz of ( 1A.3I) is superficially logarithmically divergent, and it can take any 
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value depending on the way of integration. Concretely, this causes the following problem on 
the isospin density. Integrating flA.3j) over z, the isospin density in four dimensions in the 
regular gauge is given by 

f°° p 2 1 
ivn(t,x)\ = / dzJv n (x,z)\ = --r, ^-7-777 I a . (A. 4) 

JV,a\ > /|reg. gauge J V,a\ > 'Ireg. gauge ^ ^2 _|_ p2\5/2 a v 1 

Integrating this further over x, we get a conflicting result: 

d 3 xjy n (t,x)\ =--h- (A.5) 

JV,a\ 1 'I reg. gauge Q y ' 

On the other hand, if we carry out the x integration first and then the z integration, we obtain 
the consistent result: 

roo p 

dz d 3 xJ^Jx,z)\ = I a . (A.6) 

/ v,a\ i /|reg. gauge y ' 

3 J 

We can show (1A.6|) for a generic ipv{. z ) satisfying the condition ipv( z — ¥ ±00) = 1, not 
restricted to ipv( z ) = 1 used in the above calculations. In fact, using that -D 2 $ a | 
2p 2 ^/(£ 2 + p 2 ) 2 t a after the angle averaging, we get 



I reg. gauge 



d 3 xJ^ a (x,z)\ = ; Z ifr(z) ] 4, (A.7) 

! >\ reg. gauge 2dz\ J Z 2 + p 2 



and hence (1A.6|) . Note that (I4.44p in the singular gauge is of order l/£ 6 for large ^ and there 
is no problem of the way of integrations. 

The origin of the above explained trouble in the regular gauge is the fact that the gauge 
fields do not vanish sufficiently fast as £ — > 00. The baryon solution A^-| reg . gauge in the regular 
gauge tends to the pure gauge — ^inst^MPinst = as £ ^ 00 in contrast with the 0(l/£ 3 ) 

behavior of the singular gauge solution (14.71) . This slow falloff of the regular gauge solution 
would be insufficient for the condition (12.121) . 
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